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Abstract: We prove that any invariant strong Ka¨hler structure with tor-
sion (SKT structure) on a flag manifold M = G/K of a semisimple compact
Lie group G is Ka¨hler. As an application we describe invariant generalized
Ka¨hler structures on M .
2010 Mathematics Subject Classification: 53D18.
1 Introduction
A Hermitian manifold (M, g, J) admits a unique connection ∇B (called the
Bismut connection) which preserves the metric g and the complex structure
J and has a skew-symmetric torsion tensor c := g(·, TB(·, ·)), where TB is
the torsion of ∇B. The 3-form c can be expressed in terms of the Ka¨hler
form ω = g ◦ J by
c = Jdω := dω(J ·, J ·, J ·).
The manifold (M, g, J) is called strong Ka¨hler with torsion (SKT) if the
torsion 3-form c is closed, or, equivalently, ∂∂¯ω = 0. SKT manifolds are
a natural generalization of Ka¨hler manifolds and many results from Ka¨hler
geometry can be generalized to SKT geometry, see e.g. [3, 4, 6, 7].
SKT geometry is also closely related to generalized Ka¨hler geometry,
which was recently introduced by N. Hitchin [12] and appeared before in
physics as the geometry of the target space of N = (2, 2) supersymmetric
nonlinear sigma models, see e.g. [8, 13].
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A generalized Ka¨hler structure on a manifold M is a pair (J1, J2) of com-
muting generalized complex structures such that the symmetric bilinear form
−(J1 ◦ J2·, ·) is positive definite, where (·, ·) is the standard scalar product of
neutral signature of the generalized tangent bundle TM = TM ⊕ T ∗M. (For
the definition and basic facts about generalized complex structures, see e.g.
[9]). It was shown by M. Gualtieri [9, 10] that a generalized Ka¨hler structure
on a manifold can be described in classical terms as a bi-Hermitian structure
(g, J+, J−, b) in the sense of [8], i.e. a pair (g, J+), (g, J−) of SKT structures
with common metric g and a 2-form b (called in the physical literature the
b-field) such that
db = J+dω+ = −J−dω−, (1)
where ω± = g ◦ J± are Ka¨hler forms.
Let G be a semisimple compact Lie group andM = G/K a flag manifold,
i.e. an adjoint orbit of G. In this note we describe invariant SKT structures
and invariant generalized Ka¨hler structures on M , as follows.
Theorem 1. Any invariant SKT structure (g, J) on a flag manifold M =
G/K is Ka¨hler, i.e. the Ka¨hler form ω = g ◦ J is closed.
The description of invariant Ka¨hler structures on flag manifolds is well
known, see e.g. [1, 2] and Section 2 below.
Corollary 2. Let (g, J+, J−, b) be an invariant bi-Hermitian structure in the
sense of [8] on a flag manifold M = G/K (which defines a generalized Ka¨hler
structure (J1, J2) via Gualtieri’s correspondence). Then g is an invariant
Ka¨hler metric, J+, J− are two parallel invariant complex structures and b is
any closed invariant 2-form. If the group G is simple, then J+ = J− or
J+ = −J−.
The note is organized as follows. In Section 2 we fix our conventions and
we recall the basic facts on the geometry of flag manifolds and, in particular,
the description of invariant Hermitian and Ka¨hler structures [1, 2]. With
these preliminaries, Theorem 1 and Corollary 2 will be proved in Section 3.
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2 Preliminary material
Basic facts about flag manifolds. A flag manifold of a semisimple com-
pact Lie group G is an adjoint orbit M = AdG(h0) ≃ G/K of an element h0
of the Lie algebra of G. We denote by g, k the complex Lie algebras associ-
ated with the groups G, K respectively, and we fix a Cartan subalgebra h of
k. We denote by R,R0 the root systems of g, k with respect to h and we set
R′ := R \R0. We write the root space decomposition of g as
g = k+m = (h+
∑
α∈R0
gα) +
∑
α∈R′
gα
and we identify the vector space m =
∑
α∈R′ gα with the complexification of
the tangent space Th0M .
Let Eα ∈ gα be root vectors of a Weyl basis. Thus,
〈Eα, E−α〉 = 1, ∀α ∈ R
(where 〈X, Y 〉 := tr (adX ◦ adY ) denotes the Killing form of g) and
N−α,−β = −Nαβ , ∀α, β ∈ R (2)
where Nαβ are the structure constants defined by
[Eα, Eβ] = NαβEα+β, ∀α, β ∈ R. (3)
The Lie algebra of G is the fixed point set gτ of the compact anti-
involution τ , which preserves the Cartan subalgebra h and sends Eα to −E−α,
for any α ∈ R. It is given by
gτ = ih
R
+
∑
α∈R
span{Eα − E−α, i(Eα + E−α)}
where h
R
= span{Hα := [Eα, E−α], α ∈ R} is a real form of h. Note that
β(Hα) = β([Eα, E−α]) = 〈β, α〉
where 〈·, ·〉 denotes also the scalar product on h∗ induced by the Killing form.
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2.1 Invariant complex structures on M = G/K
We fix a system Π0 of simple roots of R0 and we extend it to a system
Π = Π0 ∪ Π
′ of simple roots of R. We denote by R+0 , R
+ = R+0 ∪ R
′
+ the
corresponding systems of positive roots. A decomposition
m = m+ +m− =
∑
α∈R′
+
gα +
∑
α∈R′
+
g−α
defines an AdK-invariant complex structure J on Th0M = m
τ , such that
J |m± = ±iId.
We extend it to an invariant complex structure on M , also denoted by J .
We will refer to R′+ and Π
′ as the set of positive roots, respectively the set of
simple roots, of J . It is known that any invariant complex structure on M
can be obtained by this construction [1, 15].
2.2 T -roots and isotropy decomposition
Let z = it ⊂ h be the center of the stability subalgebra kτ . The restriction of
the roots from R′ ⊂ h∗ to the subspace t are called T -roots. Denote by
κ : R′ → RT , α 7→ α|t
the natural projection onto the set RT of T -roots. Note that α|t = 0 for any
α ∈ R0. Any T -root ξ defines an AdK-invariant subspace
mξ :=
∑
α∈R′,κ(α)=ξ
gα
of the complexified tangent space m and
m =
∑
ξ∈RT
mξ
is a direct sum decomposition into non-equivalent irreducible AdK-submodules.
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2.3 Invariant metrics and Hermitian structures
We denote by ωα ∈ g
∗ the 1-forms dual to Eα, α ∈ R, i.e.
ωα(Eβ) = δαβ , ωα|h = 0. (4)
Any invariant Riemannian metric on M is defined by an AdK-invariant Eu-
clidean metric g on mτ , whose complex linear extension has the form
g = −
1
2
∑
α∈R′
gαωα ∨ ω−α (5)
where ωα ∨ ω−α = ωα ⊗ ω−α + ω−α ⊗ ωα is the symmetric product and gξ,
ξ ∈ RT , is a system of positive constants associated to the T -roots, gξ = g−ξ
for any ξ ∈ RT and gα := gκ(α). Note that the restriction of g to mξ is
proportional to the restriction of the Killing form, with coefficient of propor-
tionality −gξ.
Any such metric g is Hermitian with respect to any invariant complex struc-
ture J and the corresponding Ka¨hler form is given by
ω = −i
∑
α∈R′
+
gαωα ∧ ω−α (6)
where R′+ is the set of positive roots of J and in our conventions ωα ∧ω−α =
ωα ⊗ ω−α − ω−α ⊗ ωα.
2.4 Invariant Ka¨hler structures
Any invariant symplectic form ω onM compatible with an invariant complex
structure J as above (i.e. such that g := −ω ◦ J is positive definite) is
associated to a 1-form σ ∈ t∗ such that 〈σ, αi〉 > 0 for any αi ∈ Π
′ (the set
of simple roots of J). As a form on m, it is given by
ω = ωσ := −i
∑
α∈R′
+
〈σ, α〉ωα ∧ ω−α.
The associated Ka¨hler metric g has the coefficients gα = gκ(α) = 〈σ, α〉,
which, obviously, satisfy the following linearity property:
gα+β = gα + gβ, ∀α, β, α+ β ∈ R
′
+ (7)
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In particular, if Π′ = {α1, · · · , αm} and
R′ ∋ α ≡ k1α1 + · · ·+ kmαm (modR0)
then
gα = k1gα1 + · · ·+ kmgαm .
To summarize, we get:
Proposition 3. [1] An invariant Hermitian structure (g, J) on M is Ka¨hler
if and only if the coefficients gα associated to g by (5) satisfy the linearity
property: if α, β, α + β ∈ R′+, then gα+β = gα + gβ. Here R
′
+ is the set of
positive roots of J .
2.5 The formula for the exterior derivative
An invariant k-form on M = G/K can be considered as an AdK-invariant
k-form ω on the Lie algebra g such that ik(ω) = 0. We recall the standard
Koszul formula for the exterior differential dω:
(dω)(X0, · · · , Xk) =
∑
i<j
(−1)i+jω([Xi, Xj], X1, · · · , X̂i, · · · , X̂j, · · · , Xk),
(8)
for any Xi ∈ m ⊂ g. In (8) the hat means that the term is omitted.
3 Proof of our main results
We now prove Theorem 1 and Corollary 2. We preserve the notations from
the previous sections. Let (g, J) be an invariant Hermitian structure on a
flag manifold M = G/K. Let gα = gk(α) the positive numbers associated to
g and R′+, Π
′ the set of positive (respectively, simple) roots of J , like before.
Let ω = g ◦ J be the Ka¨hler form. To prove the theorem, we have to check
that if the form Jdω is closed, then gα satisfy the linearity property (7). We
define the sign ǫα of a root α ∈ R
′ = R′+ ∪ (−R
′
+) by ǫα = ±1 if α ∈ ±R
′
+.
Note that ǫα depends only on κ(α). Now we calculate dω and Jdω on basic
vectors, as follows:
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Lemma 4. i)
dω(Eα, Eβ, Eγ) = 0 if α + β + γ 6= 0 (9)
and
dω(Eα, Eβ, E−(α+β)) = −iNαβ(ǫαgα + ǫβgβ − ǫα+βgα+β). (10)
ii)
(Jdω)(Eα, Eβ, E−(α+β)) = Nαβ(ǫβǫα+βgα+ ǫαǫα+βgβ − ǫαǫβgα+β). (11)
Proof. Relation (9) follows from (6) and (8). Relation (10) follows from (6),
(8) and the following property of Nαβ (see Chapter 5 of [11]):
if α, β, γ ∈ R are such that α + β + γ = 0, then
Nαβ = Nβγ = Nγα. (12)
Relation (11) follows from (10) and JEα = iǫαEα for any α ∈ R
′.
Lemma 5. Suppose that (g, J) is a SKT structure, i.e. d (Jdω) = 0. Then
N2αβ (gα+β − gα − gβ) + ǫα−βN
2
α,−β (ǫα−βgα−β − gα + gβ) = 0 (13)
for any α, β ∈ R′+, where we assume that ǫα−β = 0 if α− β /∈ R
′.
Proof. By a direct computation, we find
−
1
2
d (Jdω) (Eα, Eβ , E−α, E−β) = N
2
αβ (gα+β − gα − gβ)
+ ǫα−βN
2
α,−β (ǫα−βgα−β − gα + gβ) .
This relation implies our claim.
For any root
R′+ ∋ α ≡ k1α1 + · · ·+ kmαm (modR
+
0 ), αi ∈ Π
′,
we define the length of α as ℓ(α) =
∑m
i=1 ki. Note that ℓ(α) depends only on
the projection κ(α) of α onto t∗.
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Proof of Theorem 1. By Proposition 3 we have to check that
gα+β = gα + gβ, (14)
for any α, β ∈ R′+ such that α + β ∈ R
′
+. We use induction on the length of
γ = α + β ∈ R′+. Suppose first that γ = α + β ∈ R
′
+ has length two. Then
α− β /∈ R′, hence ǫα−β = 0. Identity (13) implies (14).
Suppose now that (14) holds for all γ = α + β ∈ R′+ with l(γ) ≤ k. Let
γ ∈ R′+ with ℓ(γ) = k+1 and suppose that γ = α+β, where α, β ∈ R
′
+. We
have to show that
gγ = gα + gβ. (15)
If α − β /∈ R′ , our previous argument shows that (15) holds. Suppose now
that α−β ∈ R′. Without loss of generality, we may assume that α−β ∈ R′+.
Then α = (α − β) + β is a decomposition of the root α into a sum of two
roots from R′+. Since α has length ≤ k, our inductive assumption implies
that gα = gα−β + gβ. Thus the second term of the identity (13) vanishes and
we obtain (15). This concludes the proof of Theorem 1.
Proof of Corollary 2. Let (g, J+, J−, b) be a G-invariant bi-Hermitian
structure in the sense of [8] on a flag manifoldM = G/K. Then, by Theorem
1, (g, J±) are two Ka¨hler structures and hence the b-field b is closed. The
complex structures J± are parallel with respect to the Levi-Civita connection.
If the group G is simple, the Ka¨hler metric g is irreducible. The endomor-
phism A = J1 ◦ J2 is symmetric with respect to g and parallel. An easy
argument which uses the irreducibility of g shows that J1 = J2 or J1 = −J2.
This concludes the proof of Corollary 2.
References
[1] D. V. Alekseevsky, A. M. Perelomov: Invariant Ka¨hler-Einstein metrics
on compact homogeneous spaces, Funct. Anal. Applic. 20 (1986), no. 3,
p. 171-182.
[2] D. V. Alekseevsky: Flag manifolds, Preprint ESI, (1997) no. 415, 32 p.;
Zbornik Radova, book 6 (14),(1997), 11 Yugoslav. Seminar, Beograd, p.
3-35.
[3] N. Enrietti, A. Fino, L. Vezzoni: Tamed Symplectic forms and SKT
metrics, math.DG/1002.3099; to appear in J. Symplectic Geometry.
8
[4] M. Fernandez, A. Fino, L. Ugarte, R. Villacampa: Strong Ka¨hler with
torsion structures from almost contact manifolds, math.DG/0909.3946.,
Pacific J. Math. 249 (2011), p. 49-75.
[5] A. Fino, M. Parton, S. Salamon: Families of strong KT structures in
six dimensions, Comm. Math. Helv. 79 (2004) no. 2, p. 317-340.
[6] A. Fino, A. Tomassini: Blow ups and resolutions of strong Ka¨hler with
torsion metrics, Adv. Math. 221 (2009), no. 3, p. 914-935.
[7] A. Fino, A. Tomassini: On astheno-Ka¨hler metrics, J. London Math.
Soc. 83 (2011), p. 290-308.
[8] S. J. Gates, C. M. Hull and M. Rocek: Twisted multiplets and new
supersymmetric nonlinear sigma models, Nuclear Physics B 248 (1984),
p. 157-186.
[9] M. Gualtieri: Generalized Complex Geometry, D.Phil thesis 2003, Uni-
versity of Oxford, UK.
[10] M. Gualtieri: Generalized Ka¨hler geometry, math.DG/1007.3485.
[11] S. Helgason: ”Differential Geometry, Lie groups and Symmetric Spaces”,
Academic Press, New York, 1978.
[12] N. G. Hitchin: Generalized Calabi-Yau manifolds, Q. J. Math., 54
(2003), no. 3, p. 281-308.
[13] U. Lindstro¨m, M. Rocek, R. von Unge, M. Zabzine: General-
ized Ka¨hler geometry and manifest N=(2,2) supersymmetric nonlinear
sigma-models, JHEP 0507 (2005) 067, arXiv:hep-th/0411186.
[14] L. A. B. San Martin, C. J. C. Negreiros: Invariant almost Hermitian
structures on flag manifolds, Adv. Math. 178 (2003), p. 277-310.
[15] H. C. Wang: Closed manifolds with homogeneous complex structures,
Amer. J. Math. 76 (1954), p. 1-32.
DMITRI V. ALEKSEEVSKY: Edinburgh University, King’s Buildings,
JCMB, Mayfield Road, Edinburgh, EH9 3JZ,UK, D.Aleksee@ed.ac.uk
9
LIANA DAVID: Institute of Mathematics ”Simion Stoilow” of the Ro-
manian Academy; Calea Grivitei nr. 21, Sector 1, Bucharest, Romania;
liana.david@imar.ro
10
